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ABSTRACT
A new class of pulsating binary stars was recently discovered, whose pulsation amplitudes
are strongly modulated with orbital phase. Stars in close binaries are tidally distorted, so we
examine how a star’s tidally induced asphericity affects its oscillation mode frequencies and
eigenfunctions. We explain the pulsation amplitude modulation via tidal mode coupling such
that the pulsations are effectively confined to certain regions of the star, e.g., the tidal pole or
the tidal equator. In addition to a rigorous mathematical formalism to compute this coupling,
we provide a more intuitive semi-analytic description of the process.We discuss three resulting
effects: 1. Tidal alignment, i.e., the alignment of oscillation modes about the tidal axis rather
than the rotation axis; 2. Tidal trapping, e.g., the confinement of oscillations near the tidal
poles or the tidal equator; 3. Tidal amplification, i.e., increased flux perturbations near the tidal
poles where acoustic modes can propagate closer to the surface of the star. Together, these
phenomena can account for the pulsation amplitude and phase modulation of the recently
discovered class of “tidally tilted pulsators.” We compare our theory to the three tidally tilted
pulsators HD 74423, CO Cam, and TIC 63328020, finding that tidally trapped modes that are
axisymmetric about the tidal axis can largely explain the first two, while a non-axisymmetric
tidally aligned mode is present in the latter. Finally, we discuss implications and limitations
of the theory, and we make predictions for the many new tidally tilted pulsators likely to be
discovered in the near future.
Keywords: binaries: close – stars: variables:Delta Scuti – stars: oscillations – stars: individual:
HD 74423 – stars: individual: CO Cam – stars: individual: TIC 63328020
1 INTRODUCTION
Astrophysicists are fortunate that most stars are nearly spherical, al-
lowing for straightforward computations of stellar pulsation modes
in terms of spherical harmonics. Stars in very close binary sys-
tems, however, are heavily tidally distorted and very aspherical. It
follows that the oscillation modes of such stars could be greatly
affected, and the purpose of this paper is to examine the formalism
and phenomenology of pulsating tidally distorted stars.
Several prior works have investigated the effects of tidal dis-
tortion on stellar oscillation modes, focusing largely on the effect
of tidal frequency splitting. If one ignores any effects of rotation,
a tidally distorted star is symmetric about the tidal axis, i.e., the
line of apsides joining the tidally distorted star with its companion.
The axis of symmetry for the oscillation modes then becomes the
tidal axis, and a mode multiplet of angular degree ` is split into
` + 1 peaks for each value of |m|, where m is the azimuthal wave
? E-mail: jfuller@caltech.edu
number about the tidal axis. Several authors have investigated this
process at increasing levels of complexity (Chandrasekhar 1963;
Chandrasekhar & Lebovitz 1963; Tassoul & Tassoul 1967; Denis
1972; Saio 1981; Martens & Smeyers 1982; Smeyers & Martens
1983; Martens & Smeyers 1986; Reyniers & Smeyers 2003a,b).
Using a WKB ray tracing approach, Springer & Shaviv (2013)
showed how acoustic waves could be focused onto different sides
of the star, altering their damping rates and visibility. As we shall
see in this paper, this tidal focusing effect, which alters the mode
eigenfunctions and visibility, is readily observable. However, the
approach of Springer & Shaviv (2013) is inadequate for computing
low-order (both in ` and radial order n) tidally modified oscillation
modes like those that are typically observed, because their angular
length scale is similar to that of the tidal distortion, and a WKB
approach not suitable.
The observational manifestation of pulsations aligned with the
tidal axis are similar to themagneticAp star oblique pulsators (Kurtz
1982, Shibahashi & Saio 1985, Shibahashi & Takata 1993a, Takata
& Shibahashi 1995, Bigot & Dziembowski 2002a, Saio &Gautschy
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2004, Bigot & Kurtz 2011), whose pulsations are primarily aligned
with the magnetic axis due to Lorentz forces. Pulsations of tidally
aligned pulsators would then be modulated over the orbital phase
due to the changing viewing angle relative to the tidal axis.
If one assumes that modes of different ` remain uncoupled,
then a mode of angular degree ` viewed in the corotating frame
would be split into up to 2`+1 frequencies (separated by the orbital
frequency) in the observer’s frame (Balona 2018). This is in addition
to the tidal splitting of each mutliplet into ` + 1 components in the
frame corotating with the orbit, so the observed pulsation spectrum
of such a star could be very complex. As we shall show in this work,
coupling between modes of different ` is very important, further
altering the expected signal. Due in part to this complexity, there
were few (if any) examples of tidal modulation of stellar pulsations
until very recently.
Handler et al. (2020) presented the first clear discovery of
tidally trapped pulsations in theHD74423binary system, containing
a δ Sct pulsator in a ' 1.58-d orbital period binary. The amplitude
and phase modulation of the single oscillation mode detected in that
system, a low-order p mode at a frequency of 8.8 d−1, made it clear
that the mode was not only aligned with the tidal axis, but that it
was strongly confined to one side of the star facing either the first
or third Lagrange points (L1 or L3). CO Cam (Kurtz et al. 2020)
was the second discovered system, with the notable difference that
it showed at least four separate tidally trapped oscillation modes
with frequencies near 14 d−1, each trapped near the L1 point. The
recently discovered system TIC 63328020 exhibits a tidally tilted
pulsation at 21 d−1, but in this case the mode is non-axisymmetric
about the tidal axis and is consistent with a distorted sectoral dipole
mode of ` = 1, |m| = 1. Finally, the U Gru system (Bowman et al.
2019) may also exhibit tidally trapped pulsations, but the nature of
the complex behavior in that system remains unclear.
We note that tidal trapping is a totally distinct phenomenon
from tidal excitation of pulsations, like tidally forced gravity modes
seen in heartbeat stars (Fuller 2017). Tidal excitation stems from
the time-varying tidal force (i.e., the dynamical tide) exerted in an
eccentric or non-synchronized binary that forces modes to oscillate
at exact integer multiples of the orbital frequency. In contrast, tidal
trapping arises from the static tidal distortion (i.e., the equilibrium
tidal response) of a star, altering the shape of the pulsation cavity
and hence the character of the star’s free oscillation modes.
In this paper, we investigate the physical effect of tidal distor-
tion on a pulsating star. We consider the simplest case of a tidally
synchronized pulsating star in a circular orbit, such that the tidal
distortion is time-independent in the corotating frame of the pul-
sator. Unlike many previous investigations, which focused on the
tidal splitting of a single mode multiplet, we focus on tidal coupling
between multiplets with different angular number ` and radial order
n (but the same azimuthal number m about the tidal axis). This
coupling allows for tidal trapping because the mode eigenfunctions
become a superposition of spherical harmonics with different val-
ues of `, such that mode displacements and flux perturbations can
have larger values on one side of the star, as is now clearly observed
in several systems.
We begin by presenting a mathematical formalism to account
for tidal distortion and coupling between eigenmodes, for use in
detailed calculations. We also provide some analytic and heuristic
arguments to build intuition for how this coupling can lead to tidally
trapped pulsations. We apply our detailed calculations to models of
HD 74423, CO Cam, and TIC 63328020, showing that the models
very naturally predict tidally trapped pulsations whose amplitude
modulation closely matches that which is observed. Finally, we
discuss our results and make predictions for future observations.
2 TIDAL MODE COUPLING
2.1 Mathematical Formalism
In most stars, the dominant force breaking the spherical symmetry
is caused by rotation: Coriolis forces are typically most important
for low-frequency g modes, while the centrifugal distortion of the
star becomes increasingly important for high-frequency p modes.
These forces not only cause frequency splitting of mode multiplets,
but they also cause coupling between other multiplets with different
values of ` and n. In both cases, the star’s symmetry axis is the
rotation axis, so this is almost always assumed to be the pulsation
axis. In a non-rotating tidally distorted star, however, the symmetry
axis is the tidal axis (i.e, the line of apsides connecting the star and
its companion), so the pulsation axis will realign accordingly.
We consider the case of a tidally distorted star of mass M1
in a binary system with a circular orbit of period P and orbital
separation a, whose spin is aligned and synchronizedwith the orbital
motion of its companion, with mass M2. In the rotating frame of the
star, the tidal distortion is static, so we work in this frame. In this
paper, for simplicity we will largely ignore the centrifugal distortion
and Coriolis forces and focus on tidal distortion. We do include
components of the centrifugal force that are axisymmetric about
the tidal axis, and we discuss limitations of this approximation in
Section 5. Neglecting rotation, the perturbed star is symmetric about
the tidal axis, and we work in spherical coordinates about this axis.
We refer to the colatitude θ as the tidal latitude to distinguish it from
the colatitude measured from the rotation axis. The tidal latitude is
defined to have θ = 0 in the direction of the companion star. In this
frame, the tidal potential U only has components with azimuthal
number m = 0, and can be expanded in spherical harmonics of
angular degree `t as
U =
∑
`t
U`t = −
GM2
a
∞∑
`t=2
√
4pi
2`t + 1
(
r
a
)`
t
Y`
t0(θ, φ) , (1)
where r is the radial coordinate from the center of M1.
The tidal force distorts the shape of the star, meaning that the
differential operators that describe pulsation modes in a spherical
star must be mapped into a new coordinate system of the tidally
distorted star. This mapping process was described in great detail
by Saio (1981); Martens & Smeyers (1982); Reyniers & Smey-
ers (2003a,b). The mapping can be described using perturbation
theory by considering small changes to the operators that define
eigenmodes of the system. We follow the procedure and notation
developed for terrestrial seismology in Dahlen & Tromp (1998),
which we find to be easier to follow and more comprehensive than
most astrophysical references. This procedure was also used for
Coriolis and centrifugal forces in Fuller (2014).
For a spherical star, the eigenmodes are defined as solutions of
an equation
Vξα = ω2αT ξα . (2)
Here, ξα is the displacement vector of an eigenmode with eigenfre-
quencyωα,T is the kinetic energy operator, andV is a potential en-
ergy operator that accounts for relevant forces (pressure, buoyancy,
etc.). Equation 2 demonstrates the usual equipartition of potential
and kinetic energy for stellar oscillation modes. The eigenmodes
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are orthonormal such that the overlap between two eigenmodes is
Tαβ = 〈ξα |T |ξβ〉
=
∫
dV ρξ∗α · ξβ
= δαβ (3)
with δαβ the Kronecker delta. Additionally,
Vαβ = 〈ξα |V|ξβ〉
=
∫
dVξ∗α ·
(∇δPβ + δρβg + ρδgβ )
= ω2αδαβ (4)
and δP, δρ, and δg are the Eulerian perturbations to pressure, den-
sity and gravity.
In a tidally distorted star, the modes satisfy the new equation[V + δV]ξ = ω2 [T + δT ]ξ (5)
where δT and δV are the changes to the kinetic and potential
energy operators due to the tidal force and the aspherical geometry.
We solve equation 5 by expanding the eigenvectors ξ in terms of
the star’s unperturbed set of modes ξα, so that
ξ =
∑
α
aαξα , (6)
and aα is the projection onto each original mode. Plugging this into
equation 5,[V + δV] ∑
α
aαξα = ω
2 [T + δT ] ∑
α
aαξα . (7)
Multiplying by an arbitrary mode ξβ and integrating over volume,
and using equations 3 and 4, we find∑
α
(ω2αδαβ + δVαβ)aα = ω2
∑
α
(δαβ + δTαβ) , (8)
where δTαβ = 〈ξα |δT |ξβ〉 and δVαβ = 〈ξα |δV|ξβ〉. Equation 8
defines a matrix equation of the form
Va = ω2Ta (9)
that can be solved for the eigenfrequencies ω2 and eigenvectors a,
i.e., the expansion of the new eigenmodes in the basis of modes of
the unperturbed star.
We provide explicit expressions for the matrix elements δTαβ
and δVαβ in Appendix A. They depend on the equilibrium tidal
asphericity of the star, ε`t , for each component of the tidal poten-
tial. Because the perturbedmodes are superpositions of unperturbed
modes, the linearized equations and boundary conditions for the ba-
sis modes are unchanged, and only the overlap integrals in Appendix
A need to be computed.
To solve for the tidal distortion, we use the adiabatic and Cowl-
ing approximations, in which case the radial tidal displacement is
(Goldreich & Nicholson 1989)
ξr,eq = −U
g
, (10)
with corresponding asphericity of ε ∼ ξr,eq/r as defined in equation
A2. In practice, the neglect of the perturbed self-gravity is a very
good approximation, as the size of this perturbation is≈ k2U, where
the Love number k2 < 0.1 for the early type stars that we will focus
on. In this approximation, the Eulerian potential perturbation is sim-
ply δφeq = U, and the Lagrangian potential perturbation vanishes.
However, we do not use the Cowling approximation when comput-
ing the unperturbed oscillation modes ξα since we are interested in
low-order modes (i.e., fundamental modes) for which self-gravity
can be important. Our adiabatic approximation implies a vanishing
Lagrangian perturbation of the pressure, density, and temperature
due to the equilibrium tidal distortion. In reality, the perturbed ra-
diative flux alters the entropy and temperature distribution along
isobars, leading to gravity darkening (von Zeipel 1924). We expect
these effects to produce modest quantitative changes in the tidal
coupling coefficients, but not to qualitatively alter the results.
The tidal coupling coefficients depend on several angular over-
lap integrals that are a function of the indices ` and m for each
mode, as well as the `t of the tidal potential. In our setup, the tidal
potential is axisymmetric and so only modes of mα = mβ couple to
each other. The angular integrals exhibit the usual three-mode cou-
pling selection rule that only modes with |`α + `β | ≥ `t ≥ |`α − `β |
and even values of `tide + `α + `β have a non-zero overlap. We do
include the axismmetric component of the centrifugal distortion as
described in Appendix A. Equation 9 can be solved separately for
each value of m, and modes have simple longitudinal eigenfunc-
tions that are proportional to eimφ . Including the Coriolis and the
full centrifugal forces breaks this symmetry, so that all values of m
must be solved simultaneously.
In our calculations, we only include the lowest value of `t that
contributes to the coupling between two modes, as higher values
of `t have smaller values of U`t . For example, ` = 1 modes are
coupled with ` = 3 modes through the `t = 2 component of the
tidal potential, while they are coupled with ` = 6 modes by the
`t = 5 component of the tidal potential. We note that ` = 0 modes
do not couple with other ` = 0 or ` = 1 modes, but they do couple
with ` ≥ 2modes through `t ≥ 2. Dipole modes (` = 1) couple with
each other through `t = 2 and with ` = 2modes through `t = 3. The
coupling with odd values of `t is very important because it breaks
the symmetry between the L1 and L3 sides of the star, allowing
modes to be tidally trapped on one side of the star.
Our approach has important advantages over some other meth-
ods of dealing with tidal or centrifugal distortion. Many papers only
consider the frequency corrections due to the coupling of a mode
with itself, which leads to rotational or tidal frequency splitting
of mode multiplets. This is adequate if the off-diagonal terms in
equation 9 (which represent coupling between modes of different
` or n) are much smaller than the differences between mode fre-
quencies, but very often this is not the case. In particular, g modes
are often closely spaced in frequency, so they can be strongly cou-
pled with other g modes or a nearby f mode or p mode (i.e., mixed
modes). Other works consider second-order perturbation theory that
accounts for the lowest order mixing between different modes, such
that nearly degenerate modes (i.e., modes in an avoided crossing)
suffer themost mixing.While this approach is better, it is inadequate
if networks of modes are strongly coupled, which our method can
account for. Finally, we note that all of these methods can also be
used to account for the effects of rotation or magnetic fields (e.g.,
Shibahashi & Takata 1993b; Reese 2010). Coupling betweenmodes
of different ` also occurs in rotating stars, but the axisymmetry of
that problem means that the mode amplitude is not modulated with
rotational phase.
2.2 Application to Stellar Models
In practice, we must truncate the set of basis modes used in our
solutions. For the results presented below, we include modes with
frequencies surrounding those of the observed pulsations, as it is
most important to include modes in this frequency range to capture
avoided crossings between modes of similar frequency. We include
MNRAS 000, 1–15 (2030)
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HD 74423 CO Cam TIC 63328020
P (d) 1.580723 1.27099 1.105769
M1(M) 2.1 ± 0.1 1.48+0.02−0.01 2.5 ± 0.2
M2(M) 2.0 ± 0.1 0.86 ± 0.02 1.07 ± 0.06
R1(R) 3.3 ± 0.1 1.83 ± 0.01 3.1 ± 0.1
R2(R) 3.2 ± 0.1 0.84 ± 0.02 2.06 ± 0.06
T1 (K) 7900 ± 150 7080 ± 80 8200 ± 450
T2 (K) 7600 ± 200 5050 ± 150 5600 ± 250
i (deg) 33 ± 2 48.9 ± 1.0 79.1 ± 0.6
R1/RL > 0.95 0.65 ± 0.02 > 0.95
R1/a 0.36 ± 0.02 0.28 ± 0.01 0.45 ± 0.03
fmax (d−1) 8.76 13.38 21.10
nmax 2 1 5
∆Rtide/∆Rcen 1.5 ± 0.1 1.10 ± 0.02 0.9 ± 0.1
Table 1. Properties of known tidally tilted pulsators, taken from Handler
et al. 2020 and private communication fromKahramanAliçavuş, Kurtz et al.
2020, and Rappaport et al., in preparation. The rows are orbital period P,
mass of pulsating star M1, mass of companion star M2, radius of pulsating
star R1, radius of companion star R2, temperature of pulsating star T1,
temperature of companion star T2, orbital inclination i, Roche filling factor
of pulsating star R1/RL , primary radius divided by semi-major axis R1/a,
the frequency of the highest amplitude pulsation mode fmax, and its most
probable radial order nmax (assuming a radial mode).
values of ` in the range 0 ≤ ` ≤ 10, finding no significant differences
if higher values of ` are included, hence our results appear to be
converged.
To compute our basis modes, we construct stellar models of
each of the systems discussed in Section 3 using the MESA stel-
lar evolution code (Paxton et al. 2011, 2013, 2015, 2018, 2019).
The models have masses, radii, and temperatures within the mea-
surement uncertainties for each system listed in Table 1. We then
compute non-adiabatic pulsation modes using the GYRE pulsation
code (Townsend & Teitler 2013). We limit the frequency range to
within a factor of roughly 2 of the observed value of fmax for each
system. Computations with slightly different frequency ranges do
not significantly alter the results for the modes discussed below, so
we consider our calculations to be converged and to have a suffi-
ciently complete set of basis modes.
Using the oscillation modes of the spherical stellar models as
basis functions, we then compute the overlap integrals (see Ap-
pendix A) that define the elements of the matrix equation 8. In
this step, we only include overlaps between the real components
of each eigenfunction, which is a good approximation because the
imaginary components are small in the stellar interior where most
of the coupling occurs. We also use only the real part of the eigen-
frequency, which is always much larger than the imaginary part.
Finally, we solve the matrix equation 9 for the eigenfrequencies ω
and expansion coefficients aα of the modes of the distorted star.
Using the expansion coefficients aα and temperature perturbations
∆Tα of each basis mode, we can compute each mode’s flux pertur-
bation across the surface of the star.
2.3 Amplitude and Phase Modulation
The main purpose of our tidally coupled mode computations is to
predict the modulation of the mode’s amplitude and phase through-
out the orbit. To do this, we compute the Lagrangian flux per-
turbation for each mode, ∆Fα, and we assume the disc-integrated
luminosity perturbation is due solely to flux perturbations, i.e., we
neglect the surface area and surface normal perturbations. Our non-
adiabatic computations include both a real and an imaginary compo-
nent of the mode eigenfunction, hence the surface flux perturbation
contains a real and imaginary part which affects the mode phase
variation.
To compute themode’s observed amplitude and phase, wemust
compute its disc-integrated luminosity fluctuation as the observer’s
viewing angle changes throughout the orbit. Appendix B describes
the details of the calculation, here we provide the basic method
and results. We project the mode flux perturbation ∆F(θ, φ) onto
spherical harmonics,
∆F(θ, φ) =
∑
`
∆F`Y` m(θ, φ) . (11)
The flux perturbation for each value of ` is
∆F` = 2pi
∫ pi
0
∆F(θ, φ)Y∗`m(θ, φ) sin θdθ . (12)
Here we have already integrated over φ, and have assumed ∆F(θ, φ)
is proportional to eimφ , as it is for our calculations that are axisym-
metric about the tidal axis.
The observed luminosity amplitude is found by a rotation to
the observer’s frame and then integrating over the disc of the star,
as described in Appendix B. The observed luminosity fluctuation
as a function of orbital phase φo is
∆L(φo) ∝
∑
`
(√
2` + 1 b` ∆F`
×
∑`
ms=−`
d`ms,0(−pi/2)d
`
0,ms (io)e
−imsφo
)
. (13)
Here, φo = Ωt is the orbital phase, and theWigner coefficients d`m,m′
are used to convert the coordinate (θ, φ) to spherical coordinates
associated with the orbital axis, and then to the axis associated with
the line of sight, which is inclined to the orbital axis by inclination
angle io. Equation 13 is similar to equation 3 of Handler et al.
(2020), though note that the angle between the tidal axis and the
orbital axis is β=−pi/2, assuming the inclination angle io is defined
to be positive. The factor bl is obtained by integrating the flux
perturbation over the disc of the star,
b` =
∫ 1
0
P`(µ)h(µ)µdµ . (14)
where µ = cos θ and h is a limb-darkening function. We adopt a
linear limb-darkening model with u = 0.4 (see Townsend 2003),
appropriate for stars of T ≈ 7500 K for the TESS bandpass (Claret
2017). Different limb darkening laws or coefficients have only a
small effect on our results.
Recall that∆F is generally complex, as are the coefficients∆F`
of its decomposition. The amplitude of the pulsation as a function
of orbital phase is then
Amode(φo) = |∆L(φo)| , (15)
while the phase of the pulsation is
φmode(φo) = atan2
(−Im[∆L(φo)]
Re
[
∆L(φo)
] ) . (16)
3 RESULTS FOR TIDALLY TILTED PULSATORS
In the discovery paper forHD74423,Handler et al. (2020) described
the star as a “single-sided pulsator”, given that they were able to
show that the pulsation was largely trapped on either the L1 or
MNRAS 000, 1–15 (2030)
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L3 side of the primary star. Kurtz et al. (2020) continued with that
nomenclature for COCam, which they were able to show has at least
four pulsation modes trapped largely on the L1 side of the primary
star. However, TIC 63328020 (Rappaport et al., in preparation) has
a single ` = 1,m = −1 mode that is not strongly trapped and is not
technically “single-sided”. We therefore introduce here a preferable
descriptive term for this new class of stars, naming them “tidally
tilted pulsators”, of which single-sided pulsators are a sub-class. The
tidally tilted pulsator name applies generally to stars with pulsations
whose axis has been tilted away from the rotation axis due to tidal
distortion, similar to the oblique pulsators whose pulsation axis has
been tilted by magnetic fields.
Thus, we apply here our calculations to the three cur-
rently known tidally tilted pulsators discussed in the introduction:
HD 74423, COCam, and TIC 63328020. Table 1 lists the properties
of each system. They are all δ Sct pulsators in binaries with periods
under two days, though notably HD 74423 and TIC 63328020 are
nearly Roche lobe filling while COCam is not. Each system pulsates
in a small number of detected modes which show large amplitude
and phase modulation over the course of the orbit, which is the clear
signature that the symmetry axis of these modes is tilted away from
the pulsator’s spin axis, i.e., they are tidally tilted pulsators. The
pulsation modes are all low-order acoustic or fundamental modes,
as indicated by the approximate radial order nmax of the nearest
dipole mode to the highest amplitude pulsation in each system. In
fact, the pulsations in HD 74423 and CO Cam are mixed modes
because they have acoustic character in the envelope, but gravity
mode character in the core.
3.1 HD 74423
We begin with an analysis of HD 74423, which exhibits a single
pulsation mode with a frequency of 8.76 d−1. The mode amplitude
and phase are modulated strongly over the orbit, as shown in Fig.
1. The orbital phase is defined as zero at the photometric minimum
of the ellipsoidal distortion, which likely occurs when the L1 side
of the pulsating star is closest to the line of sight. We can see that
the pulsation amplitude has a maximum at this phase, and a deep
flat-bottomed minimum near orbital phase 0.5.
The colored lines in Fig. 1 show the predicted amplitude and
phase modulation of four modes with frequencies comparable to
that observed. To pick which modes to plot, we selected only m = 0
modes with frequencies in the range 7 d−1 ≤ f ≤ 10 d−1, whose
amplitude at orbital phase 0.5 is less than 50% the amplitude at
orbital phase 0, and we only plot the four modes with the high-
est luminosity perturbation. Because our calculation includes basis
modes up to ` = 10, there is a dense spectrum of high-` g modes
in this frequency range that are largely trapped in the core. These
g modes would be difficult to detect because of their high values
of ` and high mode inertias. Our selection favors the modes most
likely to be observed, which encouragingly are within a few percent
of the observed mode frequency of HD 74423.
As can be seen, the predicted orbital amplitude modulation of
these four modes resembles the observed mode in HD 74423, with a
very goodmatch for the twomodes at≈8.25 d−1. The corresponding
flux perturbation as a function of tidal latitude for each mode is
shown in Fig. 2. The two modes at ≈8.25 d−1 have nearly identical
flux distributions (apart from a different sign) due to the fact that
they are hybrid modes in an avoided crossing as discussed below.
Their flux perturbations peak on the L1 side and are small at mid-
latitudes, i.e., they are trapped at the tidal pole. For this reason,
their observed luminosity amplitude peaks at orbital phase zero,
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Figure 1. Top: Amplitude variations of axisymmetric pulsation modes
of HD 74423, as a function of orbital phase. Gray circles are the observed
amplitudes and phases fromHandler et al. 2020 after applying some smooth-
ing, while each colored line is the prediction from one of the modes of our
model, with frequencies indicated in the legend. The corresponding surface
flux perturbations as a function of tidal latitude are shown in Fig. 2. These
calculations assume an orbital inclination of i = 33 deg relative to the line
of sight. Bottom: Corresponding phase variations of the pulsation modes
over the orbital cycle.
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Figure 2. Real component of the surface flux perturbations as a function
of tidal latitude for the four modes shown in Fig. 1. The modes with ν =
8.271 d−1 and ν = 8.248 d−1 have flux perturbations that peak on the L1
side of the star, causing the observed luminosity fluctuations to be largest at
orbital phase zero, when the L1 side of the star is visible.
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Figure 3. A three dimensional model of the pulsation at ν = 8.248 d−1 in
HD 74423. The system is viewed from an inclination of i = 33 degrees,
with parameters from Table 1, and is fixed on the center of mass of the
pulsator. See the electronic version of this article for an animated version of
this figure.
when the L1 side of the star is visible. The other modes above 9 d−1
actually have flux perturbations that peak on the L3 side of the star,
but cancellation between positive and negative flux perturbations
causes a lower luminosity amplitude near orbital phase 0.5.
Fig. 3 shows a three-dimensional model of the pulsation at ν =
8.248 d−1 in HD 74423, illustrating the larger observable pulsation
amplitude at an orbital phase of zero, due to the tidal trapping of
the mode on the L1 side of the star.
There is a noticeable asymmetry in the observed ampli-
tude modulation that cannot be reproduced with our axisymmet-
ric modes. We attribute this asymmetry to the Coriolis force (not
included in our models), which we discuss further in Section 5.
Otherwise, however, the shape and minimum of the theoretically
predicted amplitude modulation for the two modes at ≈ 8.25 d−1
matches the observations remarkably well. We cannot reliably pre-
dict which of these modes will grow to the largest amplitude and
actually be observed. The mode at 8.248 d−1 has the largest nor-
malized surface flux perturbation and has the largest fraction of its
energy in the acoustic cavity, so it is probably the best candidate.
The bottom panel of Fig. 1 shows the observed and predicted
mode phases as a function of orbital phase. Here the match is not
as satisfactory. The models predict a phase shift of '0 or ' pi over
half the orbit, depending on the exact shape of the flux perturbation
in Fig. 2. Note that a phase shift of ≈ +pi is almost identical to
a phase shift of ≈ −pi, which is similar to what is observed. The
predicted phase shift can also depend on the orbital inclination,
which is not yet precisely determined for HD 74423. We also note
that the observed phases are obtained by fitting wavelets to a small
fraction of the orbital cycle, so they are smoothed relative to the
actual amplitude and phase variations. Applying some smoothing
to modes with phase shifts of ' pi, like the mode with ν = 9.2 d−1,
would better match the data.
A few modes with similar eigenfunctions and closely spaced
frequencies, like the two modes with ν ≈8.25 d−1 shown in Fig. 1,
are common in ourmodels. Thesemode clusters are a clear signature
of mixing between modes of different ` due to tidal distortion.
Normally, axisymmetric modes of the same ` (i.e., similar surface
flux distributions) are spaced by the large frequency spacing, which
in HD 74423 is ∆ν ' 2.5 d−1. The low radial order (n ∼ 1) of the
mode in HD 74423 implies an even larger frequency spacing than
the asymptotic spacing ∆ν. Coupling between acoustic modes may
alter frequency spacings but does not increase the p mode density
and does not typically result in clusters of modes with finely spaced
frequencies.
Instead, the origin of this phenomenon ismodemixing between
p modes and g modes. The g modes whose frequencies are similar
to p modes undergo avoided crossings with the p modes, producing
the strongest mode mixing, resulting in a cluster of hybrid modes
around each p mode. This phenomenon has also been observed
in Saturn’s pulsation modes (Fuller 2014) due to rotational mode
mixing and can occur in mixed modes in red giant stars (Deheuvels
et al. 2017). In HD 74423, evidently only one mode is excited, but a
cluster of hybrid modes is observed in CO Cam as discussed below.
3.2 CO Cam
In many ways, CO Cam exhibits similar behavior to HD 74423, as
shown by the observed amplitude and phase modulations (Kurtz
et al. 2020) in Fig. 4 for its highest amplitude mode. Both the am-
plitude and phase modulation of this mode are remarkably similar
to that in HD 74423, suggesting the same underlying cause. Unlike
HD74423, however, COCam significantly underfills its Roche lobe,
so it is clear that tidal trapping is not limited to the most tidally dis-
torted stars. Another important difference is that CO Cam exhibits
four modes with strong amplitude and phase modulation, with fre-
quencies of ν1 = 13.38 d−1, ν2 = 13.09 d−1, ν3 = 13.78 d−1,
ν4 = 14.11 d−1. The amplitude modulation of each mode is similar,
so we only plot observations for ν1 for simplicity. The observed
phase variations, however, do show some differences between the
modes.
The colored lines in Fig. 4 are the predicted amplitude and
phase modulations for modes selected in the same way as described
for HD 74423, but this time in a frequency range 11.5 d−1 ≤ f ≤
15.5 d−1. Similar to HD 74423, the models for CO Cam predict
a few modes in this frequency range, closely spaced in frequency,
each partially tidally trapped on the L1 side of the star. The corre-
sponding flux perturbations across the surface of the star are shown
in Fig. 5. The amplitude of each mode peaks near orbital phase
zero and is much smaller near orbital phase 0.5, broadly consistent
with the observations. The match for the mode at ν = 14.13 d−1
is especially good. However, for two of the predicted modes, the
amplitudes have a small peak at orbital phase 0.5, in contrast to the
flat-bottomed minima that are observed. We note that the observed
amplitudes near orbital phase 0.5 have significant uncertainty due
to lower signal to noise, and they are also smoothed in time by the
measurement technique. Accounting for smoothing that is intrinsic
to the measurement process would produce a better fit, but may not
totally resolve the differences.
Fig. 6 shows a three-dimensional model of the pulsation at ν =
14.13 d−1 in COCam, which clearly illustrates the larger observable
pulsation amplitude at an orbital phase of zero.
Another small difference between the models and the data are
the mode frequencies. For this model, the predicted frequencies
are a few percent larger than the observed frequencies. A slightly
larger stellar radius than that of the model would produce better
agreement. Alternatively, our neglect of centrifugal forces may be
to blame, as they will systematically shift the non-radial p modes to
slightly smaller frequencies.
At first glance, the predicted phasemodulations in Fig. 4 appear
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Figure 4. Top: Same as Fig. 1, but for the modes of CO Cam. We show
only the mode ν1 (Kurtz et al. 2020), but its three other modes have similar
frequencies and amplitude modulation. The predictions assume an orbital
inclination of i = 49 deg. The corresponding flux perturbations across the
surface of the star are shown in Fig. 5. Bottom: Mode phase variations as a
function of orbital phase.
somewhat discrepant from the observations. However, we again note
that the models typically predict one or more phase shifts of pi rad
between orbital phase 0 and 0.5, similar to the observed phase shift.
Phase shifts of pi rad usually occur near amplitude minima when the
real part of the disc-integrated luminosity fluctuation passes through
zero. Measuring such phase shifts for low-amplitude modes is ex-
tremely challenging because of the low signal and rapid variation
of the phase. Indeed, the data in Kurtz et al. (2020) does show large
scatter when the modes have small amplitudes. We suspect that the
gradual observed phase variations of less than pi rad in Fig. 4 are
smoothed versions of the actual phase variations, which can contain
multiple (andmore sudden) jumps in phase by≈ pi rad.We hope that
more sensitive future measurements will be able to better constrain
the actual mode phases for better comparison with the models.
When constructing the models for HD 77423 and CO Cam,
we found that fairly small changes in the model (e.g., the star’s
radius) or the mass of the perturber (and therefore the strength of
the tidal perturbation) could produce significant changes in the exact
frequencies and amplitude variability of the predicted modes. We
suspect this sensitivity arises from the avoided crossings between
p modes and g modes that gives rise to hybrid modes, which is
the source of the observed cluster of finely spaced modes with
frequencies near 14 d−1. Small differences in the model can change
which avoided crossings occur (i.e., the ` values for basis modes
involved in the avoided crossings)which therefore changes the shape
of the amplitude modulation over the orbital cycle. This behavior
is most noticeable for CO Cam because the envelope mode is a
low-frequency fundamental mode, where the surrounding spectrum
of g modes is more dense than it is for higher frequency p modes.
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Figure 5. Real component of the relative flux perturbation as a function of
tidal latitude for the modes of CO Cam shown in Fig. 4. Though the fluxes
peak on the L1 side, significant power at mid and high latitudes allows for
significant mode amplitudes at orbital phase 0.5.
Figure 6. A three dimensional model of the pulsation at ν = 14.13 d−1
in CO Cam. The system is viewed from an inclination of i = 49 degrees,
with parameters from Table 1, and is fixed on the center of mass of the
pulsator. See the electronic version of this article for an animated version of
this figure.
This also helps explain why tidal trapping is so effective in CO Cam
despite its low Roche filling factor: the close frequency spacing
allows for avoided crossings and strong coupling between modes
despite the smaller tidal perturbation.
Nonetheless, we find that the models generally produce at least
three modes near the observed frequency range whose amplitude is
modulated in a manner qualitatively similar to the modes shown in
Fig. 4. At least onemodewith a flat-bottomed amplitudemodulation
and large surface flux perturbation (i.e., ν = 8.25 d−1 for HD 74423
and ν = 14.13 d−1 for CO Cam) are robust features of the models.
It is primarily the surrounding hybrid modes resulting from avoided
crossings that are most sensitive to the details of the model. We
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Figure 7. Same as Fig. 4, but for the for modes of TIC 63328020 shown in
Fig. 8. The predictions assume an orbital inclination of i = 79 deg. Here the
match is very good for two of the modes, including the match for the mode
phase, provided a small shift in zero point of the mode’s phase (see text).
therefore believe that the models are reproducing the correct basic
behavior to explain the tidally trapped pulsations in CO Cam.
3.3 TIC 63328020
The observed luminosity and phase variations of the third tidally
tilted pulsator, TIC 63328020, are shown in Fig. 7. In this system, the
phenomenology is much different: the amplitude modulation of its
primary mode at ν = 21.1 d−1 exhibits a double-peaked structure,
with peaks at orbital phases near 0.25 and 0.75, rather than a single
peak at orbital phase 0. The amplitude modulation is approximately
sinusoidal over the orbit. As in the previous two systems, the phase
shifts by ' pi rad over half the orbital phase, but with two sharp
jumps at orbital phase 0 and 0.5.
The different phenomenology of TIC 63328020 can be easily
understood as the signature of non-axisymmetric |m| = 1 tidally
alignedmodes. The four lines in Fig. 7 show the predicted amplitude
and phase modulations for |m| = 1 modes, two of which nicely track
the observations. The corresponding flux perturbations for each
mode are shown in Fig. 8. In this case, we selected modes whose
amplitude at orbital phase 0.5 is less than half the amplitude at orbital
phase 0.25, and with frequencies in the range 18 d−1 ≤ f ≤ 24 d−1.
The predicted mode at 18.23 d−1 best matches the observed
amplitude modulation, while the predicted mode at 21.22 d−1 is
closer in frequency to the observed mode but not quite as good of
a match in its amplitude modulation. Still, the overall agreement
is impressive given that there are no adjustable parameters in the
models. These results are less sensitive to the exact parameters of
the model, likely because these higher frequency p modes (radial
order n ≈ 5) do not undergo avoided crossings with g modes.
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Figure 8. Real component of the relative flux perturbation as a function of
tidal latitude for the modes of TIC 63328020 shown in Fig. 7. In this case,
the modes have m = −1 longitudinal dependence.
In this case, the double-peaked structure is primarily the result
of the changing viewing angle of a tidally aligned mode, rather than
tidal trapping. At orbital phases 0 and 0.5, the mode amplitude is
small because we are looking at tidal pole, and we see both the
positive and negative flux perturbations produced at opposite tidal
longitudes by the tidally aligned |m| = 1 mode. At orbital phases
0.25 and 0.75, the amplitude is maximized because we only see
positive/negative flux perturbations with little flux cancellation.
Fig. 9 shows a three-dimensional model of the pulsation at
ν = 21.22 d−1 in TIC 63328020, illustrating the m = −1 nature of
the mode and how its flux perturbations appear at different orbital
phases.
Fig. 8 shows the flux perturbations as a function of tidal lati-
tude for the four modes in Fig. 7. In this case, the flux perturbation
should be multiplied by cos(mφ) to compute the flux variation at
different tidal longitudes. Unlike normal l = 1, |m| = 1 modes, the
flux perturbations are not largest at θ = pi/2, but rather are more
oscillatory (due to their ` > 1 components) and shifted towards
smaller/larger tidal latitudes due to tidal trapping. The modes at
21.45 d−1 and 18.51 d−1 are largely trapped on the L1 side, fur-
ther suppressing their observed amplitude at orbital phase 0.5 in a
manner inconsistent with the observations. The modes at 21.22 d−1
and 18.23 d−1 are not strongly trapped (though they do produce
larger fluctuations on the L3 side), so their amplitude modulation is
smoother and more closely resembles the observations.
The modeled m = −1 modes at 21.22 d−1 and 18.23 d−1 also
produce mode phase variations very similar to those observed, other
than a nearly constant phase offset. However, note the sharp change
in mode phase at orbital phase zero, which means that the observed
phase can be shifted downwards by ≈ 2 rad if we change the zero
point by only ≈ 0.02 in orbital phase. Physically this would occur if
the mode flux perturbation is shifted in orbital longitude by only ≈
0.1 rad relative to the model. Allowing for this small offset produces
a good match between the data and model. The phase shifts of pi rad
between orbital phases 0.25 and 0.75 is a natural consequence of the
m = −1 mode geometry: at orbital phases 0.25 and 0.75, the mode
produces a luminosity fluctuation that is a maximum on one side of
the star, and a minimum on the other. This translates to an observed
luminosity fluctuation that has the same amplitude at orbital phase
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Figure 9. A three dimensional model of the pulsation at ν = 21.22 d−1 in
TIC 63328020. The system is viewed from an inclination of i = 79 degrees,
with parameters from Table 1, and is fixed on the center of mass of the
pulsator. See the electronic version of this article for an animated version of
this figure.
0.25 and 0.75, but which is shifted in phase by pi rad. The observed
modes are likely m = −1 modes as opposed to m = 1 modes. While
both would produce identical amplitude modulations, m = 1 modes
produce phase variations opposite to those ofm = −1 modes, so the
observed phases strongly suggest an m = −1 mode.
4 TIDAL AMPLIFICATION
A “tidal amplification" effect may occur in the outer layers of
the tidally distorted star. Because the density and sound speed
drop sharply near the surface, the amplitude of a propagating
acoustic wave increases, with the radial displacement, scaling as
ξr ∝ (ρr2cs)−1/2 in the WKB limit. The surface flux perturbation
of a mode scales as ∆F/F ∝ ∆T/T , which approximately scales as
∆T/T ∼ kr ξr (Luan et al. 2017). So, if pulsation energy is indepen-
dent of latitude, we expect themode visibility to scale approximately
as
∆F
F
∝ kr ξr ∝ (ρr2c3s )−1/2 (17)
at the outer turning point of the wave. Because the acoustic cutoff
frequency ωc that determines the wave’s outer turning point is
dependent on tidal latitude, the mode’s flux perturbation will vary
with tidal latitude. The value of ωc ∼ g/cs is smallest at the tidal
poles where the effective gravity is smallest, allowing modes to
propagate closer to the stellar surface to produce “tidally amplified"
flux perturbations.
4.1 Polytrope-Roche modelling
Tomodel the angular variations in the acoustic cutoff frequencyωc ,
we utilize a polytropic approximation to model the nearly Roche
lobe-filling and distorted interior of a star like HD 74423. We de-
scribe this process in Appendix C. We take the acoustic cutoff
frequency as
ωc ' cs2H '
(1 + 1/n)g
2cs
, (18)
Figure 10. Acoustic cutoff frequency ωc in the orbital plane, plotted as a
function of tidal latitude, at several radial coordinates that are normalized in
units of Ry . The horizontal gray line is the observedmode angular frequency
ωobs = 6.4×10−4 rad/s in HD 74423. Deep in the star, the observed mode
propagates at all longitudes, but near the surface it only propagates near the
L1 point (θ = 0), producing a larger flux perturbation on that side of the
star.
where n is the polytropic index, and cs =
√
γP/ρ is the sound
speed. The second equality in equation 18 stems from the relation
H = c2s/[(1+1/n)g] for polytropes. We adopt n = 3 for our models,
which is a good approximation for the surface layers of intermediate-
mass stars. Fig. 10 shows corresponding plots of ωc as a function
of tidal latitude θ in the equatorial plane, for several different radial
coordinates. Note that ωc can be much smaller near the tidal pole at
θ = 0, especially in the surface layers, allowing acoustic modes to
propagate close to the photosphere to create large flux perturbations.
Using the acoustic cutoff frequency from our tidally distorted
polytropic models above, we can calculate the mode’s outer turning
point as a function of tidal latitude. We then use equation 17 to
calculate the relative flux perturbation as a function of tidal lati-
tude in the orbital plane of our polytropic model. Fig. 11 shows
this estimate of the relative mode flux perturbation as a function
of tidal latitude for polytropic models of HD 74423, but varying
Roche filling factors (i.e., different orbital separations). It is clear
that the flux perturbation can be much larger near the L1 point.
While more detailed models and mode eigenfunction calculations
(including non-adiabatic and non-WKB effects) are needed for ro-
bust estimates, these simple models indicate the large amount of
tidal amplification that can occur near the L1 point.
Fig. 12 shows the predicted amplitude and phase modulation
of a dipole mode for tidally distorted models with relative flux
perturbation amplitudes shown in Fig. 11. We see that the predicted
amplitudemodulation closely resembles the observedmodulation in
HD 74423 for large Roche filling factors. The peak amplitude occurs
when the L1 side of the star faces toward the observer, because of
the large flux perturbation on that side. The Roche-fillingmodels are
also successful in producing the flat-bottomedminima, which occur
when the L1 point is occulted behind the star. As the Roche filling
factor decreases, the relative mode amplitude at orbital phase 0.5
increases due to the smaller flux perturbation at the L1 point. The
bottom panel of Fig. 12 shows the observed and predicted pulsation
phase modulation throughout the orbit, showing a phase shift of pi
due to the dipole nature of the mode.
The analytic theory presented in this section may provide some
intuition for why tidal trapping can occur on the L1 side of the star.
In the language of Section 2.1, such trapping occurs due to cou-
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Figure 11. Relative flux perturbation as a function of tidal latitude at the
mode’s outer turning point, for models of HD 74423 with different Roche
filling factors.
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Figure 12. Observed and modeled amplitude and phase modulations of
the pulsation mode in HD 74423, using our semi-analytic theory. This plot
assumes the underlying mode is a dipole mode, and the different lines
correspond to different Roche-filling factors of the primary star, whose local
flux perturbations are shown in Fig. 11.
pling with modes of different `, and coupling with modes of higher
frequency ω which produce larger flux perturbations. However, the
analytic theory fails in many respects. First, it cannot explain the
large tidal trapping of the modes in CO Cam, which is far from
Roche-filling. Second, it cannot account for modes that are trapped
away from the L1 side of the star, as it always predicts larger flux
perturbations on the L1 side.
We suspect the main reasons for these failures are the WKB
approximation inherent to the theory. For modes of low angular
number ` interacting with the tidal distortion (which itself is dom-
inated by ` = 2 and ` = 3), a WKB theory is insufficient, and
more detailed calculations like those of Section 2.1 are required.
Springer & Shaviv (2013) also presents a useful WKB analysis of
pulsations of tidally distorted stars, which focuses on modes with
very high frequency and angular wavenumber such that the WKB
approximation is more appropriate. They also find increased acous-
tic energy at tidal latitudes near zero, and surprisingly, increased
acoustic energy near tidal latitudes of ≈ 130 degrees, at least for
the one angular wavenumber (` ≈ 50) they consider. Unfortunately,
such high ` modes are very difficult to detect and unlikely to be
observed in the systems discussed here.
5 DISCUSSION
5.1 Limitations of This Work
The biggest limitation of this paper is our neglect of Coriolis and
centrifugal forces on the mode dynamics. The centrifugal and tidal
distortion have similar amplitude in the quadrupolar surface dis-
placement that they produce (see Preece et al. 2019), with ratio
∆Rtide
∆Rcen
=
3M2
M1 + M2
. (19)
Tidal distortion is larger when M2 > M1/2, though the two
have similar amplitude unless M2  M1. Table 1 shows that
∆Rtide/∆Rcen ∼ 1 for the three systems considered here. Though we
have included the components of the centrifugal force that are ax-
isymmetric about the tidal axis, the non-axisymmetric components
have similar magnitude. Both the non-axisymmetric component of
the star’s centrifugal distortion and the Coriolis force will induce
coupling between modes of different m about the tidal axis. If we
had adopted the rotational axis for our coordinate system, then it
would be the tidal force that induces non-axisymmetric couplings.
This coupling can be handled by our method, but it greatly compli-
cates the problem because it requires modes of all values of m to
be computed simultaneously, which greatly increases the size of the
matrices (equation 9) that need to be inverted.
Non-axisymmetric coupling will also complicate interpreta-
tion because the modes will no longer have an axis of symmetry.
It is likely that all sorts of modes can exist in this situation, i.e.,
modes trapped at either tidal pole or the tidal equator, in addition to
modes trapped near the rotational axis or equator, as well as modes
trapped somewhere in between. In general, tidal modulation of the
mode amplitude and phase will occur whenever modes of differ-
ent m, measured in the frame aligned with the rotation/orbital axis,
contribute to the observed pulsation amplitude and phase.
Accounting for the full centrifugal and Coriolis forces will
likely increase the level of mode mixing and avoided crossings
that occur in a star, because there will be a much larger set of
coupled modes within the same frequency range. Hence, including
these effects is likely to produce more modes that are trapped in
certain parts of the star. It will also likely increase the number
of mode clusters like that seen in CO Cam composed of a group
of g modes in an avoided crossing with a p mode or f mode. The
increased coupling may also increase the number of modes involved
in these clusters, allowing our model of CO Cam (which contains
only three observable trapped modes) to better reproduce the four
modes observed in that system. Hence, these forces will need to be
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included in future work to get a full picture of the diversity of modes
that occur in tidally distorted stars.
While often not very important for acousticmodes, the Coriolis
force does play an important role in symmetry breaking. Consider
the frame aligned with the rotation axis. The centrifugal and tidal
forces only induce mixing proportional to m2, whereas Coriolis
forces induce mixing proportional to m, breaking the symmetry
with respect to orbital phase. Such asymmetry is needed to explain
the observations of HD 74423 (Fig. 1), whose observed amplitude
and phase variations aremarkedly asymmetricwith respect to orbital
phase. We suspect the asymmetry is most prominent for HD 74423
because it has the highest ratio of spin frequency to mode frequency
(Ω/ω = 0.07) of the systems considered in this work.
5.2 Tidal Alignment
In this paper, we have implicitly assumed (through our neglect of
Coriolis and centrifugal forces) that modes are tidally aligned, i.e.,
the tidal axis is their axis of symmetry. In reality, there is a competi-
tion between Coriolis forces and centrifugal distortion that promote
rotational alignment, and tidal distortion that promotes tidal align-
ment. As with magnetically tilted modes in roAp stars (Bigot &
Dziembowski 2002b), tidally tilted modes will not be completely
aligned with either axis, and we suggest that a mode’s self coupling
coefficients can be used to determine whether rotational or tidal
alignment is preferred.
To do this, one can evaluate the diagonal components of the
matrices in equation 9 (i.e., the self-coupling terms) due to tides,
and compare them with similar terms due to centrifugal distortion
and the Coriolis force. For the Coriolis force, the relevant term is
the familiar rotational splitting coefficient
cα =
Ω
∫
ρr2(2UV + V2)dr
ω
∫
ρr2(U2 + `(` + 1)V2dr . (20)
This should be compared to the similar terms from equationsA4 and
A9 from appendix A, normalizing by mode inertia as in equation
20.
For the systems in this work, we find that modes of primarily
g mode character have larger Coriolis coupling coefficients, while
modes of primarily p mode character have larger tidal coupling co-
efficients. The main reason is that the integrand of the numerator of
equation 20 is small for p modes, which reflects the usual insensi-
tivity of p modes to Coriolis forces. This is in addition to the fact
that cα is smaller for higher frequency modes due to the factor of
Ω/ω.
The competition between tidal and centrifugal distortion is
simpler because they both depend on the same coupling coefficients
from equations A4 and A9. The ratio of tidal to centrifugal terms
is simply the ratio of tidal ellipticity to centrifugal ellipticity from
equation 19. Assuming synchronized rotation, tidal alignment is
more likely for higher mass companions, and rotational alignment
is more likely for lower mass companions.
We conclude that tidal alignment is likely to occur for p modes
in the binaries discussed in this paper. For stars in wider bina-
ries, the tidal force rapidly diminishes in strength relative to the
Coriolis force, and tidal alignment is much less likely. Assuming
spin-orbit synchronism of systems similar to those examined in this
paper, tidally aligned p modes could exist out to orbital periods
of ∼ 10 days. However, δ Sct stars typically rotate faster than syn-
chronous for binaries wider than several days, so we expect tidal
alignment to be most common in binaries with periods less than
a few days. Higher frequency modes could remain tidally aligned
out to longer orbital periods. It is also possible that some systems
could simultaneously exhibit both tidally aligned modes and rota-
tionally aligned modes. We do not expect g modes to be tidally
aligned, except for hybrid g modes that have significant p mode
character, or perhaps for modes in some systems spinning slower
than synchronously.
5.3 Mode Selection and Non-adiabatic Effects
In this work, we do not address the question of mode selection, i.e.,
which modes are excited to observable amplitudes. This problem is
not understood even for spherical stars and is beyond the scope of
this work. For each of our stellar models discussed in Section 3, we
find unstable radial or dipole p modes, but their radial orders are
larger than those observed for HD 74423 and TIC 63328020. The
disagreement could arise from problems in our spherical models,
the neglect of turbulent pressure inmode driving (Antoci et al. 2014;
Xiong et al. 2016), or it could result from tidal effects. Since lower
temperature δ Sct stars typically exhibit lower frequency (and lower
overtone) pulsations, the low-temperature gravity-darkened L1 side
of a tidally distorted star would likely result in stronger driving of
low-frequency modes. Our models to not include latitudinal varia-
tions in temperature, nor do they account for tidal coupling when
computing mode driving/damping rates, so they do not capture this
effect.
Our models cannot reliably predict the m values of tidally
aligned modes excited in δ Sct stars. Like normal stars, modes of
many values of m can likely be excited by the κ-mechanism, and
there is not an obvious reason why the tidal distortion (or centrifugal
forces) should selectively excite any particular value ofm. We found
that both m = 0 and m = −1 modes are necessary to explain the
systems examined in this work, and we expect that other values of
m will be observed as more tidally tilted pulsators are discovered.
Given the latitudinal variation in temperature of tidally distorted
stars, it is possible that certain values of m, or modes tidally trapped
on one side of the star, will have larger driving rates and will be
more likely to be observed. This possibility should be investigated
in future work.
5.4 Predictions
Tidally tilted pulsators may provide new opportunities for astero-
seismology. The phase and amplitude modulation of modes in these
systems provide extra information that allow for mode identifica-
tion, though comparisons with models is complicated by the tidal
mode coupling calculation thatmust be performed. Additionally, the
pulsation pattern for low-frequency p modes or f modes is very sen-
sitive to the stellarmodel, due to tidal couplingwith core gmodes. In
principle, this sensitivity may allow for very tight constraints on the
stellar structure, provided that tidal coupling is properly accounted
for, including the full effects of the Coriolis and centrifugal forces.
Another prediction of our models is that tidally tilted modes
will exhibit diverse patterns of amplitude modulation. Considering
justm = 0modes, themodes at ν = 9.9 d−1 and ν = 9.2 d−1 in Fig. 1
exhibit somewhat different amplitude modulation than the observed
modes. We also find a nearly equal number of modes in the models
that are trapped on the L3 side of the star, such that their amplitudes
would peak at orbital phase 0.5. Other modes can be trapped at mid-
latitudes, such that their amplitudes would peak at orbital phases
0.25 and 0.75. Unless mode excitation effects prevent such modes
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from being excited, we expect tidally aligned pulsations to exhibit
many different and unique patterns of amplitude modulation in each
system.
For non-axisymmetric modes, the amplitude modulation can
also look quite different. The mode with ν = 18.51 d−1 in Fig. 7
demonstrates some of the more complex behavior that can occur. In
this case, tidal trapping on theL1 side of the star creates an amplitude
minimum near orbital phase 0.5, but with additional modulation
due to the changing viewing geometry of the m = −1 mode pattern.
Modeswith |m| = 2 could exhibit even faster variations in amplitude
and phase over the orbit. Themodulation patterns also depend on the
orbital inclination of each system, further increasing the diversity.
We suspect the tidally tilted pulsators discussed in this paper
were the first three to be discovered because of their relatively simple
amplitudemodulation patterns and simple power spectra. HD 74423
exhibits only one pulsation mode that is obviously modulated in
amplitude upon visual inspection of its light curve. This mode also
produces one conspicuous multiplet in the star’s power spectrum,
which is easy to identify. TIC 63328020 also exhibits only one
oscillation mode, whose amplitude rises and falls twice per orbit.
CO Cam exhibits several oscillation modes, but their amplitudes are
all modulated in the same way, again making it easy to identify in a
visual inspection of the light curve.
It is likely that there are many stars with multiple tidally tilted
pulsations that are waiting to be discovered. Because each mode’s
amplitude could be modulated differently over the orbit, such stars
could be challenging to identify from a visual inspection of their
light curves. Their power spectra would also be very complex, with
many overlapping multiplets (each corresponding to a tidally tilted
mode) with peaks split by the orbital frequency. Discovering and
measuring this sort of amplitude modulation will be more challeng-
ing, but may be achievable by finding power spectra with a large
number of peaks split by exactly the same frequency (i.e., the or-
bital frequency), but which are not themselves orbital harmonics
like the tidally excited oscillations in eccentric binaries. We predict
many more tidally tilted pulsators will be observed upon detailed
examination of the p mode pulsations of stars in very close binaries.
6 CONCLUSIONS
We have conducted a detailed examination of the effect of tidal
distortion on the pulsation modes of stars in close binary systems.
Unlike most prior work that focused on tidal perturbations to mode
frequencies, we have examined how tidal distortion affects mode
eigenfunctions, creating tidally aligned and tidally trapped pulsation
modes. The tidal asphericity bends and focuses the paths of waves
propagating through the star, which can cause the resulting oscil-
lation modes to be trapped within (or away from) the tidal bulges.
We presented a formalism to compute the modes of tidally distorted
stars by expanding in the basis of modes of spherically symmetric
stars. Because the tidal asphericity couples modes of different an-
gular numbers `, the pulsation modes of tidally distorted stars are
superpositions of many values of `, creating eigenfunctions that can
be localized to one region of the star, i.e., tidally trapped pulsations.
The observational manifestation of this tidal trapping is the
newly discovered class of “single-sided" and “tidally tilted" pul-
sators in close binaries. These stars contain oscillation modes that
are aligned with the tidal axis, so the pulsation mode amplitudes and
phases are modulated over the orbital phase due to the observer’s
changing viewing geometry.We have applied our tidal coupling the-
ory to stellar models of the tidally tilted pulsators HD 74423 Han-
dler et al. (2020), CO Cam (Kurtz et al. 2020), and TIC 63328020
(Rappaport et al., in prep). Figs 1, 4, and 7 show our main results.
Our tidal trapping theory can largely explain the observed mode
amplitude variations in each of these unique systems. HD 74423
contains a single acoustic mode strongly trapped on either the L1
or L3 side of the star, CO Cam contains a cluster of tidally trapped
hybrid fundamental/gravity modes (which results from tidal cou-
pling between modes of different `), and TIC 63328020 contains a
non-axisymmetric m = −1 tidally tilted mode.
The currently known tidally tilted pulsators exhibit a small
number of pulsation modes, simplifying their power spectra and
making them easier to identify. Stars with larger numbers of tidally
tilted pulsations will be harder to identify but may provide new
asteroseismic diagnostics for the structures of tidally distorted stars.
Future theory should incorporate the Coriolis and centrifugal forces
into models, which complicates the calculation but is necessary to
fully capture the mode dynamics. It also remains unclear which
types of tidally trapped pulsations are most likely to be excited
to observable amplitudes. Given the recent surge in discoveries of
tidally tilted pulsators, many new systems are likely to be uncovered
in the near future, so more comprehensive models will be needed
to solve the puzzles that are certain to arise.
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APPENDIX A: MODE COUPLING COEFFICIENTS
To compute the coupling coefficients between modes of a tidally
distorted star, we follow the calculation and terminology of Dahlen
&Tromp (1998), described in Appendix D. TheWoodhouse kernels
can be calculated either in terms of the perturbed density, pressure,
etc., or in terms of the stellar ellipticity. The latter option is much
better for stars, because a linear Eulerian description of the perturbed
stellar structure breaks down if the tidal distortion is larger than a
scale height, as it is near the surfaces of stars. Each component of
the tidal ellipticity is
ε =
∑
`t
ε`t (A1)
with
2
3
ε`t =
√
2`t + 1
4pi
U`t
rgY`
t0
= − M2
m(r)
(
r
a
)`t+1
(A2)
and the second line follows from the tidal potential as given by
equation 1, with m(r) and r the mass and radius coordinates within
the star before adding tidal distortion. Below we will also encounter
the radial derivative of the tidal ellipticity,
η =
∂ ln ε`t
∂ ln r
= `t + 1 − 4piρr
3
m(r) . (A3)
From equation D.80 of Dahlen & Tromp (1998), the kinetic
energy coupling coefficient between two modes, indexed by α (with
spherical harmonic ` and m) and α′ (with spherical harmonic `′
and m′) is
δTαα′ =
∫ R
0
2
3
ερr2
[
T¯ρ − (η + 3)Tˇρ
]
dr (A4)
with
T¯ρ = −Zmm
′mt
``′`t UV
′ − Zm′mmt
`′``t U
′V (A5)
and
Tˇρ = X
mm′mt
``′`t UU
′ + Zmmtm
′
``t `′ VV
′ . (A6)
In these expressions, U is the radial displacement associated with
mode α, and U ′ is the radial displacement for mode α′. Similarly,
V is the horizontal displacement. We have already factored out the
time and angular dependence, i.e., the full displacement is ξ =
U(r)Y` m(θ, φ)e−iωt + V(r)r∇⊥Y` m(θ, φ)e−iωt , such that U and V
are functions only of r .
In equations A5-A6, Xm1m2m3
`1`2`3
and Zm1m2m3
`1`2`3
are angular over-
lap integrals between mode α, mode α′, and the component of the
tidal potential with ` = `t andm = mt = 0 in our coordinate system.
Explicitly,
Xmmtm
′
``t `′ =
(
4pi
2`t + 1
)1/2 ∫
dSY∗`mY` tmt Y` ′m′
= (−1)m [(2` + 1)(2`′ + 1)]1/2
×
(
` `t `
′
−m mt m′
) (
` `t `
′
0 0 0
)
(A7)
where the terms in parentheses are Wigner 3-j symbols. Addition-
ally,
Zmmtm
′
``t `′ = r
2
∫
dS Y`
tmt∇⊥Y∗`m · ∇⊥Y` ′m′
=
1
2
[
`(` + 1) + `′(`′ + 1) − `t (`t + 1)
]
Xmmtm
′
``t `′ (A8)
We will drop the ` and m subscripts and superscripts from X ,
which is invariant in exchanges between modes. For Z , we use the
shorthand Z = Zmtmm
′
`t ``′ , Z
′ = Zmm
′mt
``′`t , and Zt = Z
m′mtm
`′`t ` , i.e., the
symbol denotes which value of ` accounts for the negative term in
equation A8.
The potential energy coupling terms are
δVαα′ =
∫ R
0
2
3
εr2
(
κ
[
V¯κ −(η+1)Vˇκ
]
+ ρ
[
V¯ρ−(η+3)Vˇρ
] )
dr (A9)
and the incompressibility is κ = ρc2s = Γ1p, where cs is the sound
speed and p is the pressure. The integrand components are
V¯κ = −XdU/dr(dU ′/dr + f ′) − XdU ′/dr(dU/dr + f )
− Z ′V(dU ′/dr + f ′)/r − ZV ′(dU/dr + f )/r (A10)
Vˇκ =
1
2
X(−dU/dr + f )(dU ′/dr + f ′)
+
1
2
X(−dU ′/dr + f ′)(dU/dr + f )
+ Z ′V(dU ′/dr + f ′)/r + ZV ′(dU/dr + f )/r (A11)
V¯ρ = X(rdP/dr + 4piGρrU + gU) f ′
+ X(rdP′/dr + 4piGρrU ′ + gU ′) f
− Z ′gVU ′/r − ZgV ′U/r + 3XgUU ′/r + 3XgU ′U/r
+ ZtPV ′/r + ZtP′V/r
− `(` + 1)XPU ′/r − `′(`′ + 1)XP′U/r (A12)
Vˇρ = XUdP′/dr + XU ′dP/dr + 4piXGρUU ′ + 4piXGρU ′U
− ZgUV ′/r − Z ′gU ′V/r + ZtVP′/r + ZtV ′P/r (A13)
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Here, P is the the Eulerian gravitational potential perturbation δΦ =
PY` me−iωt , and we define f =
[
2U − `(` + 1)V ]/r .
The full expressions include additional terms including the
toroidal displacement W , which we have ignored because W = 0
for poloidal modes of non-rotating stars. This is acceptable for our
purposes, but including toroidal components is very important for
low-frequency gravito-inertial modes. Technically, there are also
additional terms that arise from the perturbed gravity field of the
star, the VΦ terms from Dahlen & Tromp (1998). However, these
terms disappear when combining the perturbed gravitational field
and the tidal field, so they are not reproduced here. Note that the
coupling coefficients are identical under the exchange of α and α′,
which ensures that the matrices in equation 7 are symmetric. The
potential and kinetic energy operators are Hermetian (when using
adiabatic mode eigenfunctions) such that the eigenvalues remain
real. This ensures the mode frequencies ω are either purely real
(stable) or purely imaginary (unstable). We verify that all of the
perturbed eigenfrequencies of our models remain stable.
In our calculations, we include the ` = 2 component of the
centrifugal distortion that is axisymmetric in the tidal frame. We
assume spin-orbit synchronization such that the angular rotation
frequency isΩ2 = G(M1+M2)/a3. One can show that the associated
ellipticity of this component is,
εcen(`t = 2,mt = 0) = 16
M1 + M2
M1
ε(`t = 2,mt = 0) (A14)
with ε(`t = 2,mt = 0) evaluated from equation A2. Hence,
we increase the value of ε(`t = 2,mt = 0) by a factor of
1+ (M1 +M2)/(6M1) to account for this component of the centrifu-
gal distortion. The ` = 0 component of the centrifugal distortion
does not mix modes of different `, but it does mix modes of the
same `. It can be accounted for with a centrifugal component of the
potential energy coupling to be added to equation A9,
δVcen =
2
3
Ω2δαα′ − 23Ω
2`(` + 1)δ``′
×
∫ R
0
ρr2
(
VV ′ +UV ′ + VU ′
)
dr , (A15)
where the first term is non-zero only for a mode coupling with itself.
APPENDIX B: OBSERVED MODE AMPLITUDES AND
PHASES
Here we compute the amplitude and phase variation of a mode
that is non-axisymmetric about the tidal axis, i.e., it hasm , 0. This
situation is a little more complicated because the system is no longer
symmetric about the tidal axis and a decomposition into Legendre
polynomials is no longer possible.
We begin by decomposing the flux perturbation into spheri-
cal harmonics as in equation 11, but this time allowing for non-
axisymmetric spherical harmonics:
∆F(θ, φ) =
∑
`
∆F`Y` m(θ, φ) . (B1)
Note that the sum only goes over ` because only modes of a single
value of m contribute as long as the system is symmetric about the
tidal axis. Each component ∆F` of the decomposition is
∆F` =
∫
dS ∆F(θ, φ)Y∗`m(θ, φ) , (B2)
where the integral is taken over a spherical surface, dS = sin θdθdφ.
If the function ∆F(θ, φ) is computed numerically from our
method in Section 4, one must take a numerical overlap integral
or Legendre polynomial decomposition to solve for each value of
∆F` . For our method in Section 2.1, ∆F(θ, φ) has already been
decomposed into spherical harmonics such that
∆F(θ, φ) =
∑
α
aα∆FαYα(θ, φ)
=
∑
`
∑
n
a`,n∆F`,nY` m(θ, φ) . (B3)
where the complex value of the surface flux perturbation of each
basis mode, ∆Fα is computed from the surface temperature per-
turbation ∆Tα as described in Section 2.2. Here, n is an index for
each basis mode with angular number `. Inserting equation B3 into
equation B2, we find
∆F` =
∑
n
a`,n∆F`,n , (B4)
i.e., it is the weighted sum of the surface flux perturbations of each
basis mode with of angular number `.
The next step is to compute the observed flux variation in the
observer’s frame. Following the same procedure as Section 2.3, we
decompose each spherical harmonic in the tidal axis frame into
spherical harmonics in the frame aligned with the orbital axis:
Y` m(θ, φ) =
∑`
ms=−`
D`ms,m(α, β, γ)Y` ms (θs, φs)
=
∑`
ms=−`
d`ms,m(−pi/2)Y` ms (θs, φs) . (B5)
Here, (θs, φs) are angular coordinates in the corotating frame aligned
with the orbital axis, and D is a Wigner function of the Euler angles
α, β, and γ. In this case, we can define the coordinate systems such
that α = γ = 0, such that the Wigner D function reduces to the
Wigner small d−matrix element d`ms,m(β), and β = −pi/2 for the
90 degree rotation between the tidal and orbital axes. Performing
this transformation, the flux variation across the stellar surface is
∆F =
∑
`
∆F`
∑`
ms=−`
d`ms,m(−pi/2)Y` ms (θs, φs) . (B6)
To compute the flux perturbation in the observer’s frame, we
again perform the rotation
Y` ms (θs, φs) =
∑`
mo=−`
D`mo,ms (αo, βo, γo)Y` mo (θo, φo)
=
∑`
mo=−`
d`mo,ms (io)e−imsΩtY` mo (θo, φo) . (B7)
Here, θo and φo are angular coordinates in the observer’s frame, in
which the observer is located at θo = 0 and the companion star is at
φo = φs = 0 at time t = 0. For this coordinate transformation, the
angle γo = Ωt is the orbital phase of the pulsating star, the angle
βo = io is the observer’s inclination, and αo = 0. Upon integrat-
ing over the surface of the star to obtain the observed luminosity
variation ∆L, only the mo = 0 term remains, and a limb-darkening
coefficient b` (see equation 14) appears. We then obtain
∆L = 2pi
∑
`
√
2` + 1
4pi
b` ∆F`
×
∑`
ms=−`
d`ms,m(−pi/2)d`0,ms (io)e
−imsΩt . (B8)
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The summation is easily computed, and we find including values up
to ` = 6 is necessary to obtain converged light curve models. Note
that the final luminosity amplitude and phase are a function of the
mode’s angular flux distribution, the inclination angle io, and the
time t.
APPENDIX C: ROCHE MODEL OF TIDALLY
DISTORTED STAR
The effective potential in a frame rotating with the binary orbit can
be written as:
Ψeff = Ψ1 + Ψ2 + Ψcent (C1)
where the three terms are the potential of star 1, the potential of star
2 (taken to be a point mass), and the fictitious centrifugal potential,
respectively. The equation of hydrostatic equilibrium in the rotating
frame can be expressed as:
1
ρ
®∇P = ®geff = −®∇Ψeff , (C2)
see Eqns. (1) and (8) of Hachisu (1986). For a polytropic gas,
P = Kρ1+1/n, where n is the polytropic index, and K is the constant
of proportionality. The left-hand side of Eqn. (C2) can be written
for the case of a polytrope as
1
ρ
®∇P = K(n + 1)®∇ρ1/n . (C3)
In that case we can rewrite the equation of hydrostatic equilibrium
as:
®∇
[
K(n + 1)ρ1/n + Ψeff
]
= 0 (C4)
where the solution is
K(n + 1)ρ1/n + Ψeff = Ψeff,0 (C5)
and Ψeff,0 is the effective potential where the density, ρ goes to
zero. Finally, we can write an analytic expression for the density
everywhere within star 1 as long as the effective potential is known:
ρ =
[
Ψeff,0 − Ψeff
K(n + 1)
]n
, (C6)
see Eqn. (10) of Hachisu (1986). In the case of a Roche-lobe filling
star, Ψeff,0 = ΨRL, where ΨRL is the potential at the Roche surface.
In order to solve for the density in Eqn. (C6) we need only
approximate the potential of star 1 (Ψ1), since Ψ2 and Ψcent are
already known. Deep in the interior of star 1, the star is essentially
spherically symmetric and largely unaffected byΨ2 andΨcent. Thus
we start the interior of star 1 by building a polytropic model. Near
where the surface of the unperturbed polytrope would be (and, in
fact, well below its surface), the potential goes approximately as
∝ 1/r since most of the mass is concentrated near the center.
The procedure we use is to construct a polytrope for the unper-
turbed problem with a radius that fits completely inside the equiv-
alent Roche surface. To this end, we define four distances from the
center of star 1 to the unperturbed Roche potential, Rx1, Rx2, Ry,
Rz. These are along the x, y, and z directions, as implied by the
name, and the subscripts ‘1’ and ‘2’ refer to the direction toward
the L1 point and away from it, respectively. We then set the nominal
radius of the polytropic model to be Rz, which is the smallest of the
four distances. Since HD 74423 is fairly massive (M1 ' 2.1 M)
and hot (Teff ' 7900 K), we model it as an n = 3 polytrope, which
does not yield an accurate density profile near the center (since the
star is somewhat evolved), but should be adequate further out where
we care most about the run of density and temperature. Thus, from
hereon, the discussion is not general for all polytropes and is limited
to n = 3 polytropes.
The values of the polytropic constants for the problem, in terms
of the mass, M1, and radius, R1 of the star are:
K = piG
[
M1
−4piξ21 (dφ/dξ)1
]2/3
(C7)
ρc = − ξ1M14piR3(dφ/dξ)1
(C8)
a =
√
K
piG
ρ
−1/3
c (C9)
where ρc is the central density, a the length scale, φ the Lane-
Emden solution for an n = 3 polytrope, ξ the dimensionless radial
distance, ξ1 is ξ evaluated at the unperturbed surface of the poly-
trope, and (dφ/dξ)1 is the derivative of the Lane-Emden function
at the surface. The density, temperature, and potential (Ψ1) inside
the star are:
ρ(ξ) = ρcφ(ξ)n (C10)
T(ξ) = µmpK
k
ρ
1/n
c φ(ξ) (C11)
Ψ1(ξ) = −GM1R1
− 4Kρ1/3c φ(ξ) (C12)
where k is Boltzmann’s constant, µmp is themeanmolecularweight,
and the radial distance r ≡ aξ.
In order to make the model completely analytic, we utilize an
approximation to the solution for the Lane-Emden equation for an
n = 3 polytrope:
φ(ξ) ' 1 − (1/108)ξ
2 − (11/45360)ξ4
1 + (17/108)ξ2 + (1/1008)ξ4 (C13)
where φ → 0 when ξ = 6.89685 for an n = 3 polytrope. This
expression and its derivative (needed to compute the local gravity)
are good to ∼1%, which is adequate for our purposes.
Thus, in Eq. (C6) we use Ψ1(ξ) from Eqn. (C12) for r =
aξ . Rz , and Ψ1(r) = −GM1/r for r & Rz . In fact, we use a
hyperbolic tangent blending function between the two forms for Ψ1
over a blending range of ∼10% of Rz to ensure a smooth transition.
The density inside the Roche lobe is then everywhere determined
analytically by the use of Eqn. (C6). The pressure, temperature, and
local sound speed follow from the polytropic relations, and ®geff is
found from Eqn. (C2).
Finally, in regard to the binary model, we note that the mass
within the Roche lobe, but beyond a radial distance of Rz , con-
tributes less than ∼0.1% of the total mass M1. Therefore, the basic
relation among the orbital period,M1,M2, and semi-major axis (i.e.,
Kepler’s 3rd law), is not materially affected beyond the fractional
percent level.
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